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We propose the application of nonconstant temperature gradients to improve the
quality of temperature programmed reduction (TPR) experiments with respect to
parameter estimation and model discrimination. This leads to TPR experiments with
nonlinear temperature profiles (N-TPR). To determine optimal profiles for the tempera-
ture gradient, optimal control problems are set up and solved numerically. The results
show that N-TPR experiments can be significantly better than traditional linear TPR
experiments for many different scenarios. To implement these results in practice, we
develop and demonstrate reduced optimization problem formulations, which can be
solved faster and more reliably than the original formulation, with very similar results.
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Introduction

Temperature Programmed Reduction (TPR) is an experi-
mental method that is widely used for the estimation of kinetic
parameters of metal oxide reduction reactions.'? Its working
principle is simple (Figure 1); hydrogen (or some other reduc-
ing gas) flows continuously through a small sample of the
metal oxide powder. The metal oxide is reduced in the hydro-
gen atmosphere, converting part of the hydrogen to steam. The
concentration of steam in the exhaust gas is proportional to the
reaction rate in the sample and is measured in short time inter-
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vals (about one measurement per second). The reduction pro-
cess may include several reaction steps in which the steam
fraction is proportional to the cumulated rates of all reactions.
The sample temperature starts at low values (ambient tempera-
ture up to 500 K), is increased at a constant rate, and follows
a linear profile over time. Typical temperature gradients are
between 5 and 25 K/min. At initial time, due to the low tem-
peratures, reaction rates are virtually zero. With increasing
temperature, the reaction rates increase and eventually, reac-
tions reach complete conversion. As soon as full reduction
conversion is reached, the reaction rates approach zero again,
and the TPR run ends. The resulting measurement signal is
used to estimate kinetic parameters. It may also be applied to
discriminate rivaling models.*

The only control variable that can be changed from one
TPR experiment to another is the applied temperature
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Figure 1. Principle of a TPR experiment.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

gradient. Typically, a series of three to five TPR experiments
is carried out with different temperature gradients and the
whole ensemble of measured profiles is used for the parame-
ter estimation. In a system with three reactions [e.g., the
reduction of hematite (Fe,O3)], 12 parameters need to be
estimated from these few experiments: the reaction rate con-
stants, the activation energies, the orders of reaction, and the
fractions of convertible material in the sample.

With 12 unknown parameters and only one single control
parameter, the TPR method has very limited options to control
the experiment. This can also be seen in a contribution by
Pineau et al.,° where they present a compilation of TPR studies
on the reaction kinetics of iron oxide reduction carried out by
various authors. Essentially, they show that estimates of the
activation energies of reduction reactions vary significantly,
even though they were obtained under comparable conditions.
While some of these differences may be attributed to morpho-
logical differences in the sample materials, this result indicates
that the parameter estimates have a large uncertainty. More-
over, with regard to model discrimination, we have shown®
that the classical TPR method is not well suited to identify the
reaction scheme or the type of reaction kinetics of systems
with multiple reactions; the data from a series of TPR experi-
ments could be fitted equally well by very different models.

One option to amend these deficits of the TPR method is to
extend its control options. This can be achieved by lifting the
restriction of a constant temperature gradient and thereby turn-
ing it into a function of time. Because this leads to experi-
ments with nonlinear temperature profiles, we propose to call
this method N-TPR (Nonlinear Temperature Programmed
Reduction). The control function, namely the temperature gra-
dient, can then be designed in such a way that the resulting
measurement function becomes optimal for the goals of the
experiment. This leads to formulation of optimal control prob-
lems, which are developed and described in Section ‘““Problem
Formulation.” These are solved numerically, and some exem-
plary solutions are shown in Section “Optimal N-TPR Experi-
ments.” With respect to better applicability of N-TPR, we pro-
pose to use reduced optimization problems, which can be
solved reliably and quickly. They are introduced and discussed
in Section “Reduced Problem Formulation.”

Problem Formulation
In this study, we develop optimization problem formula-
tions for two different purposes: to design optimal N-TPR
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experiments for parameter estimation (Section “Optimal con-
trol problem for improved parameter estimation”) and to dis-
criminate among competing models (Section “Optimal con-
trol problem for model discrimination”). Because the
dynamic model equations of a TPR system are common to
both problems, we introduce them in the next section.

The TPR model

The TPR model describes the relation between the input
and the output of a TPR experiment (Figure 2). The only
input variable is the temperature gradient. In traditional
TPR, this is a constant, while in N-TPR, it is time depend-
ent. The output variable is the measurement signal that
essentially corresponds to the cumulative reaction rate in the
sample. The model states comprise the sample composition,
x, and temperature, 3, which we normalize by a fixed stand-
ard temperature.

The model is formulated in terms of the following dimen-
sionless parameters, p (see Heidebrecht et al.®> for a more
detailed derivation):

® The Damkohler number, Daj, corresponds to the reac-
tion rate constant of reaction j at reference temperature, 9‘ef

® The Arrhenius number, Arr; E/RTe corresponds to
the activation energy of reaction ;.

® The oxygen capacity, ®;, corresponds to the fraction of
oxygen that is released by reaction j, related to the total
amount of reducible oxygen in the fully oxidized material.

e The order of the reaction, .

In addition, we define the rate of reaction j, that is, R;(x,
9, p) as well as the temperature gradient, u. The model equa-
tions include the mass balance, which comprises the reaction
rates, Da;R;, divided by the oxygen capacity, ®; and multi-
plied by the stoichiometric coefficients, v;;. This balance
describes the change in the sample composition, x:

E , Vij -

with N denoting the number of reducible species and N, the
number of reactions in the system. The initial conditions for
these ODEs are

X =f(x,9,p) = Ri(x,9,p); i=1..Ny (1)

j

x(t=0) =x 2)

The temperature is increased according to the temperature
gradient:

9 = u(1) 3)

with the initial temperature

States: Temperature, (9(7‘))

(1) sample eomposmon x(7) ()

Input function: $=u(r) Measured output

temperature gradient x=f(x9, p| function: cumulative
y=glx,9,p) reaction rate

Figure 2. Input-output scheme of a TPR experiment.
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The measured output signal is the sum of all reaction
rates:

N,
y=g(x,9,p) = Da;-Ry(x,9,p) )
=1

The reaction kinetics comprise an Arrhenius term, consid-
ering the effect of temperature on the reaction rate, as well
as a composition dependent function. The latter depends on
the mole fraction of the reactant species of reaction j, x;, and
has the reaction order n;.

1 1 .
R; = exp| Arr; - priatcl | I T (xf, nj); j=1...N, (6)
J

In solid state reactions, three kinetic laws are commonly
applied: Power law, Avramy-Erofeev, and diffusion-limited
kinetics.”® Additional kinetic models such as the shrinking
core or the crackling core models’ may be applied, but are
not considered here.

e Power law kinetics

Strictly speaking, the physical motivation behind the
power law kinetics—the probability of 7; reactant molecules
meeting at a reaction site at the same time—does not apply
to solid phase conversions.*'® However, due to its simplicity
and effectiveness in practical applications, power law
kinetics are frequently used to describe reduction processes.
The bounds on the reaction order in Eq. 7 are arbitrary, but
they reflect a typical span for these kinetics.

o Avramy-Erofeev kinetics

- [tox(s)]”

1
l—nj ’ 2

= <n < 3)

IR

The Avrami-Erofeev kinetics result from a simplification
of a rather complex model that considers populations of
nucleates of product species, each of a different size, in
combination with a growth rate at the boundaries of nucle-
ates, where product and reactant phase are in contact with
each other. Equation 8 is derived for a single reaction sys-
tem, with pure reactants as initial conditions.'"!?

e Diffusion limited kinetics

1—-1/n;
X /n

”_1':'/71/,,,; 1<n <3 )
l—xf !

Similar to Avrami-Erofeev kinetics, diffusion limited
kinetics are derived with the assumption of pure reactants at
initial time,” so its physical motivation is only valid for a
single reaction system. At initial time, the reaction rate (Eq.
9) according to this formulation reaches infinite values. The
overall rate (Eq. 6) remains bounded by choosing a zero ini-
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tial temperature, and, consequently, zero Arrhenius term at
initial time.

Optimal control problem for improved parameter
estimation

Objective function We first consider N-TPR optimization
problems that maximize the quality of the parameter esti-
mates. The idea is to determine a control profile [the temper-
ature gradient, u(t)], which results in a measurement signal
[the cumulative reaction rate, y(t)] that offers the best covar-
iance matrix of the estimated parameters. This matrix
includes variances of individual parameters, as well as the
pairwise correlation of different parameters, representing the
interdependence of these estimates.

Several optimality criteria have been derived in an effort
to define the “best” covariance matrix'>'*:

® A-optimality criterion minimizes the trace of the covari-
ance matrix. Thus, the individual estimates of the parameters
are improved, but the off-diagonal elements describing the
covariance between different parameters are ignored.

e C-optimality criterion minimizes the variance of an esti-
mator of a linear function of the parameters. As with the A-
optimality criterion, off-diagonal elements are not consid-
ered.

® D-optimality criterion minimizes the determinant of the
covariance matrix. Thus, the interdependence of the esti-
mated parameters is considered in this criterion.

e E-optimality criterion minimizes the largest eigenvalue
of the covariance matrix. All other properties of the covari-
ance matrix are disregarded. This criterion corresponds to
minimizing the largest diameter of the parameter confidence
region. The objective function may not be continuously dif-
ferentiable at all points.

The D-optimality criterion considers the covariance ele-
ments of the matrix, reducing variances, and covariances
alike, and is a continuously differentiable function. More-
over, by modifying the original D-optimality criterion, one
can also choose to design experiments that minimize the var-
iances of specific parameters or reduce the covariance of a
certain pair of parameters. Because this criterion offers
greater flexibility, it is the criterion that we consider in this
study.

The objective function according to the D-optimality crite-
rion is given by (see Bard,'®> Chapter 10):

max det(V, ' + B'TI"'B) (10)

In this function, V|, denotes the a priori covariance matrix
of the parameters from previous estimates, Il denotes the
expected covariance matrix of the measurements in the
planned experiment, and B describes the expected sensitivity
of the measurements with respect to the parameters in the
planned experiment.

In the case of N-TPR, this objective function can be fur-
ther modified according to the following assumptions. First,
we note that prior parameter values as well as the covari-
ance matrix, Vy, have to be estimated from previous experi-
ments, which may be traditional linear or nonlinear TPR
experiments. One can expect that prior parameter values of
the model have a strong impact on the optimal design.
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However, if Vj is unknown it requires many optimizations to
be conducted to cover a wide space of possible parameter
values. Including the dependence of the optimal experiments
on the a priori covariance matrix would increase the multi-
tude of the necessary calculations. Therefore, to keep the
number of cases to be solved to a reasonable level, we omit
this matrix from the objective function. Of course, if Vj is
known a priori, it can easily be included in the objective
function.

Second, the covariance matrix of the measurements, I1, is dif-
ficult to obtain because (a) the measurement error is not inde-
pendent of the measured value and (b) the measurements in a
single TPR run are not statistically independent. Thus, diagonal
elements are of different magnitudes and off-diagonal elements
in IT are non-zero. Because this is the a priori covariance matrix
of the measurements, one would need a good model to predict it
for TPR experiment, which is not available. Instead, for the pur-
pose of planning the experiments, we replace the unknown ma-
trix IT by an identity matrix. This essentially ignores the statisti-
cal properties of the measurements and, instead, focuses on the
sensitivities from the postulated model. With that, we end up
with a reduced objective function:

max det(B'B) (11)

This essentially tells us to design the experiment in such a
way that its outcome is as sensitive with respect to the
model parameters as possible.

The sensitivity matrix, B, comprises the sensitivities of the
measurement signal with respect to the estimated parameters,
p, at the designed experimental conditions (Bard," Chapter
7-51). To account for different orders of magnitude of the
parameters, the sensitivities are normalized by the actual
value of the corresponding parameter. Let n be the number
of measurements taken during a TPR run, 7; the time when
the i-th measurement is taken, and m the number of model
parameters to be estimated from the TPR experiment. Then,
the sensitivity matrix B can be estimated using the parameter
sensitivities of the model output at each measurement point:

Oy, oo
|, Pt B, P pi(T1) Ypu (T1)
B = . : —
(’% P %‘ Pm i (Tn) Ypu (Tn)
Tn Ty
(12)

With this, the objective function reads:

;)’pl (i) yp (i) - ;)’pl (i) Yp, ()

max det BB ~

Z)’pm(fi)')’m(fi) Z)’pm(fi)'yp,n(fi)
1 1
(13)
To adapt to continuous measurement signals, we shift

from discrete, equidistant points in time to a continuous for-
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mulation. Thus, the summations are replaced by integrals
over the whole duration, (t = 0- - -7,), of the TPR run:

T,

max det / Yp - ypdt (14)

=0
where

T
p = @la 7pm)
= (Day, Arry, 1y, ©...Day,, Arry,, iy, Op,)"

Optimal control problem The time dependent sensitivity
functions, yp(t), are obtained from direct sensitivity equa-
tions, the Jacobian ODEs, which pose additional constraints
to the optimization problem. In addition to these ordinary
differential equations and algebraic equations (DAEs), sev-
eral inequality constraints are also imposed. The resulting
optimization problem is given below, with N as the number
of reducible species in the reaction system and N, as the
number of model parameters:

7

m(aii det / Vp -y;dr Objective function (15)

=0
% =f(x,9,p) ODE constraint, sample composition & R
(16)
Y= u(t) ODE constraint, temperature € R (17)

J=fc-J +f, ODE constraint, Jacobian € RVNr - (18)

y =g(x,9,p) AE constraint, output signal € R' (19)
Yp = (gx -J+ gp) -p AE constraints, sensitivities & RN
(20)

x(t=0) =xp Initial condition, Eq.16 € R™ (21)
9(t =0) =1 Initial condition, Eq. 17 € R' (22

J(t=0)=0 Initial condition, Eq. 18 € R¥" (23)

Umin < 1 < Umax  Bounds on control variable € R! (24)

Umin < U < Umax  Bounds on temperature € R'  (25)

e RV
(26)

x(1,) < Xomax Complete conversion at end time

With regard to real experimental systems, which cannot
realize arbitrarily high temperature gradients, an upper bound
and a lower bound is imposed on the control variable in Eq.
24. The temperature itself is also limited. TPR devices usu-
ally do not have a cooling device, so the lowest applicable
temperature is ambient temperature. Due to limited material
stability, an upper bound is also imposed in Eq. 25. To
ensure that the reduction has reached virtually complete con-
version after the given duration of the run, 7., additional
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lower bounds are introduced in Eq. 26 with a typical value
of Xemax = 1073,

For a system with three reactions, where 12 parameters
have to be estimated, this optimal control problem has 40
ODEs and 13 AEs. Because of the Arrhenius terms, the state
equations are nonlinear. The control profile, however,
appears linearly in (Eq. 17). This leads to a so-called singu-
lar optimal control problem, which poses a number of chal-
lenges that will be explored in Section “Reduced Problem
Formulation.” To handle these problems, we first describe
the following solution strategy.

Numerical treatment To solve the optimal control prob-
lem (Egs. 15-26), the DAEs are discretized in time accord-
ing to the method of orthogonal collocation on finite ele-
ments (see, e.g., Bieglerlﬁ). Here, three collocation points
are chosen per finite element, and the number of finite ele-
ments is varied between 100 and 300. To reduce the number
of degrees of freedom, the optimization variable, u(t) is
assumed constant over each finite element. With that, a typi-
cal optimization problem for an N-TPR has about 10,000
variables and 100 degrees of freedom. The discretized prob-
lem is implemented in AMPL'” and solved using the optimi-
zation algorithms CONOPT and IPOPT.'®

Only for some parameter configurations, the optimization
algorithm converges towards an optimum from any arbitrary
initial point. Thus, the following procedure is proposed to
enhance convergence:

e Initialization: The constraint equations are solved for
some constant temperature gradient, that is, with no degrees
of freedom. This is achieved by setting identical lower and
upper bounds for the temperature gradients.

® Define the objective function and impose an inequality
constraint for complete conversion (Eq. 26).

e Specify the upper and lower bounds on the temperature
gradient in a sequence of relaxations. Each time one or both
bounds are changed, the problem is solved again. This is a
“trial and error” procedure and the algorithms IPOPT and
CONOPT tend to work well in different cases, although per-
formance of each is hard to predict in advance. If both algo-
rithms fail, the whole procedure is started again, but with a
more conservative relaxation of the bounds.

® An optimization run is usually performed for a given
duration of the TPR experiment. Starting from an initial pro-
file that stretches the TPR curve over the whole time span
may be advantageous. Cases have been observed where start-
ing from a profile with a maximum temperature gradient
(and thus a very short TPR curve) do not converge to an op-
timum, but starting from a lower temperature gradient (with
a TPR curve using almost the whole given time span) would
end up in an optimum.

e Using up to six relaxation steps, the bounds reach the
desired values and an optimal solution is obtained.

Typical solution times on a standard PC (Intel Core2 Duo
CPU E6850, 3.00 GHz) is between 5 and 30 CPU minutes,
depending on the number of relaxation steps required to
achieve convergence.

Application strategy We expect N-TPR experiments to
be applied in a campaign to estimate kinetic parameters for
a given reaction system. Initially, when no estimates of the
parameters are available, a few linear TPR experiments are
conducted, so that a first estimate of the parameters can be
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obtained, together with a covariance matrix (V) of these
estimates. If the covariances are larger than desired, then an
N-TPR experiment is designed from the optimal control
problem, based on these parameter estimates and their covar-
iance. After conducting this experiment, new estimates are
obtained from the data of the linear and the nonlinear experi-
ments and the covariance of this estimate should be smaller
than the one before. The design, execution, and evaluation
of N-TPR experiments are repeated until the desired quality
of the parameter covariance matrix is obtained.

Optimal control problem for model discrimination

Objective function and optimal control problem To
design N-TPR experiments for the purpose of model dis-
crimination, we propose an objective function based on the
T-optimality criterion.'"® This criterion assumes that two
models, M, and M,, exist and the aim is to design an experi-
ment that maximizes the ability to discriminate between both
of them. In our implementation, we assume that parameter
estimates are available for both models and we propose the
following objective:

T,
2
max [ () - ) dw @D
) =0

Thus, the optimal N-TPR experiment should give the max-
imum difference between the output of both rivaling models,
y(l) and y(z), and thereby allow to discriminate between both.
The resulting optimization problem is given below. Note that
it is simpler than the parameter estimation problem in the
previous section, especially since sensitivity terms are not
needed in the objective function.

Te

2
(1) _ @
max / ()~ () de

Objective function (28)

0 :f<1>(x<1)719’p<1>)

ODE constraint, sample comp., modelM; € R (29)
{2 = (x<2)7 9, p<z>)
ODE constraint, sample comp., modelM, € %Nf) (30)

9 = u(q)
ODE constraint, temperature € R®! (31)

Y = g<1>(x<1>719,p<1>)

AE constraint, output signal, modelM; € R! (32)

Y2 — 4@ (X<2>7 9, p<2>>
AE constraint, output signal, model M, € R' (33)
AD(r=0) = x(()l)

Initial condition, Eq. 29 € RV (34
q
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AA(r=0)= x(()2> Initial condition, Eq. 30 € oA (35)

9(t =0) =1 Initial condition, Eq. 31 € R' (36)

Umin < 1t < Umax Bounds on control variable € R! (37)

Imin <9 < Umax  Bounds on temperature € R'  (38)

W (te) < Xomax

Complete conversion at end time, model M; € RN (39)
2P () < Xe max
Complete conversion at end time, model M, € oA (40)

This optimization can be used to discriminate between
rivaling models that differ with respect to the assumed reac-
tion mechanisms and the number of reactions or the
sequence of reactions (parallel or sequential reaction
schemes) in systems with single or multiple reactions. In this
study, we focus on the discrimination of reaction Kkinetic
laws in systems with a single reaction.

Numerical treatment As with the optimization problem
in Section “Optimal control problem for improved parameter
estimation,” we discretize the DAEs (Egs. 29-33) according
to the orthogonal collocation method on finite elements.
Three collocation points per finite element are applied, and
the number of elements range between 100 and 300. The
discretized problem is implemented in AMPL, and IPOPT
and CONOPT are used to solve it. Numerous cases have
been solved for competing kinetic models with variations of
the parameters of the model M.

The optimization procedure is as follows:

® The output signal of the first model, M, with given pa-
rameters is calculated for a linear TPR experiment with max-
imum temperature gradient.

® The parameters of the second model, M,, are estimated by
minimizing the squared error between the outputs of both mod-
els at the maximum temperature gradient. In this minimization,
upper and lower bounds for the parameter values are imposed.
The parameters of both models are kept constant throughout the
following optimization of the N-TPR experiment.

e Next, a linear TPR experiment is designed by solving
Egs. 2840 in discretized form with a constant temperature
gradient. This yields the best possible linear TPR experiment.

® As a final step, the assumption of a constant temperature
gradient is relaxed and an N-TPR experiment is designed
using Eqgs. 28-40 in discretized form.

Application strategy These N-TPR experiments are used
to discriminate between two models with known or esti-
mated parameters. If no parameter estimates exist, then they
may be obtained from a priori TPR experiments, which may
follow linear temperature profiles or nonlinear TPRs deter-
mined in Section “Optimal control problem for improved
parameter estimation.” Once the parameter values are avail-
able, an N-TPR experiment can be designed using Eqs. 28—
40 to discriminate between two models. After executing the
designed experiment, one should be able to rule out one of
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the two models. If this N-TPR experiment is not sufficient to
statistically disqualify one of both models, then discrimina-
tion between these models is not possible with the TPR
method alone.

Optimal N-TPR Experiments

The solutions of both optimal control problems are de-
pendent on the choice of model parameters. Therefore, in
this study optimizations were carried out over a wide range
of parameter combinations. For the sake of brevity, only a
few representative solutions are discussed in this section.

Optimal N-TPR experiments for improved parameter
estimation

Systems with one reaction—analytical solution Generally,
the model equations in Section “The TPR model” cannot be
solved analytically. However, for systems with a single reaction,
one can manipulate the optimal control problem stated in Sec-
tion “Optimal control problem” such that some information on
the optimal control profile can be obtained. If we assume a sys-
tem with a single reaction following power law kinetics, then
applying Egs. 15-23 and introducing the variable

1 1
T:exp(Arr- <W_5)) (41)

gives the following formulation:

T,

m(a;sdet / Yp - yhde; p = {Da, Arr,n, ®} (42)

=0
D
i=—g T 3)
9=u (44)
y=Da-T-x" (45)
Da 1
JDa:fg-T-nuc”l JD176-T~X" (46)
Da Da log T
Jan == Ton ¥ a5 TS @)
. D D
Jn:—63~T-n-x”_1~J,,—6a~T-x”-logx (48)
. Da . Da
J@:—E-T-n-ﬂ' .J@+@-T-x" (49)
ypa = [Da-n-x""'-Jp,+x"] -T-Da (50)

n7

Yar = Da~n~x”’1-JArr+Da-Arr-x” .T-Arr  (51)

yo=[Da-n-x"'-J,+Da-x"-logx| -T-n (52)

yo=[Da-n-x""' Jo+0]-T-© (53)

The term Arrhenius, 7, occurs linearly in most of the
ODEs, so we introduce a new time coordinate, ¢:
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dt
i T 54)

This transformed time may be interpreted as a decelerated
time, because the reaction and the evolution of all sensitivity
functions are accelerated by the Arrhenius term, in the actual
time domain. Derivatives with respect to the decelerated
time coordinate are noted as x’. The optimization problem in
the decelerated time coordinate reads:

te

T
max det / (y%)(y%) Tdt (55)
ul(t
=0
D
V=g (56)
19’:; (57)
Da 1
f)a:fgw'x"*l-fmf@«x” (58)
Da _ Da logT
J;\n:_g'n'xn I'JArr_a'E'xn (59)
Da _ Da
J,’l*—g-n-x”l o= g X logx (60)
Da _ Da
Jé:fg-nvc” I-J@+@-x" (61)
2= [Da-n-x"" Jp, +] - Da (62)
InT
Yam _ Da-n~x”71-JArr+Da-n—~x” - Arr (63)
Arr
yni n—1 n
7_[Da-n~x Jy+Da-x"-logx| -n (64)
2= [Dan-x o +0] - © (65)

Except for Egs. 57, 59, and 63, these equations can be
solved analytically and all sensitivities except ya,, are inde-
pendent of T(f), which represents the chosen temperature
profile. Thus, as long as the sensitivities with respect to the
Arrhenius number are neglected, the first two factors of the
integrand in the objective function (Eq. 55) are independent
of the control variable, u. Moreover, maximizing the objec-
tive function is achieved by setting the factor 7(f) to its
upper bound, by applying the maximum possible temperature
gradient. Thus, when the activation energy is not of interest,
the highest possible temperature gradient should be applied
in single reaction systems.

This result for power law kinetics also applies to single
reaction systems with other reaction kinetics in a similar
way, and leads to the same maximum temperature gradient
policy.

Systems with one reaction—numerical solutions Here we
apply the optimization algorithms from Section ‘“Optimal
control problem for improved parameter estimation.” For a
single reaction system, the relative oxygen capacity is
always equal to one, so its sensitivity can be omitted from
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Figure 3. Optimal N-TPR experiment for a single reac-
tion system (power law) with Da = 1.0; Arr =
10; n = 1.0; 9" = 0.75.
Dashed lines: profiles from the linear TPR run with maxi-
mum temperature gradient. Solid lines: Optimal N-TPR run.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

the objective function. We consider only power law kinetics
here. In principle, these examinations can be extended to
other reaction kinetics as well, and the results are expected
to be similar.

The optimization results are expected to depend on the
model parameters selected a priori. Among these, the Dam-
kohler number simply has the effect of shifting the whole
TPR signal forward or backward in time. Because this has
no qualitative effect on the optimal control profile, we
always set this parameter to unity. Also, for single reactions,
the oxygen capacity in a single reaction system is also
always equal to unity. The two remaining parameters, the
Arrhenius number and the order of reaction, are varied sys-
tematically in several cases (see Appendix Table Al). Fur-
thermore, several additional cases have been solved to evalu-
ate the impact of parameters such as the number of finite
elements, the duration of the N-TPR run and extreme values
of the order of reaction. Here, we set the duration of the N-
TPR experiment to twice the duration of the linear experi-
ment with maximum temperature gradient.

A typical solution of the optimal control problem is shown
in Figure 3. In this example, Arr = 10, which corresponds to
an activation energy of 81 kJ/mol, and the order of reaction
is equal to unity. The solution is qualitatively similar in
most of the other cases. The optimal control profile (lower
left diagram) shows that the temperature gradient is at its
upper bound, except during a certain time span, where it is
close to zero. This isothermal segment is located at the
ascending flank of the TPR peak and it delays the occur-
rence of the peak. Therefore, we refer to this time span of
reduced temperature gradient as the “delay phase.”

The best possible linear TPR run, which is at maximum
temperature gradient, has an objective function value of Fy;,
= 9.05 x 107°. The optimal N-TPR experiment has an
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Figure 4. Sensitivity functions for a single reaction system
(power law) with Da = 1.0; Arr = 10; n = 1.0;
9 = 0.75. Dashed lines: profiles from the linear
TPR run with maximum temperature gradient.

Solid lines: Optimal N-TPR run. [Color figure can be viewed
in the online issue, which is available at wileyonlinelibrary.
com.]

objective function value of F* = 1.15 x 10 2 This is an
increase by 27%. In other cases, where different values of
Arr and n are assumed, the improvement in the objective
function from a linear TPR run with maximum temperature
to the optimal N-TPR varies between 10 and 70%. Taking
into account that the doubling of the TPR run time means an
increase of the experiment duration by approximately 25%
(including pretreatment, equilibration and cool down phases),
this improvement justifies the additional effort.

The improvement of the objective function is due mainly
from an increase of the sensitivity with respect to the Arrhe-
nius number, Arr. This corresponds to the expectations that
were concluded from the analytical solution in the previous
section. The sensitivity functions with respect to the three
model parameters (Da, Arr, and n) in the nonlinear and the
linear TPR runs are shown in Figure 4. Note that the peak
heights of y, stay almost constant, the peak heights of yp,
are slightly lower in the nonlinear run, and the peak heights
of yar are increased. Although this trend does not seem to
be significant, we note that these sensitivity functions are
squared and integrated. Thus, a small increase in peak
height, especially if the peak is already high, has a signifi-
cant impact on the objective function value.

In most cases, the typical optimal control profile shows
maximum temperature gradients except during a certain pe-
riod of time at the ascending flank of the TPR peak. For
high orders of reaction (n > 1.5), a different type of optimal
control profile is observed; the delay phase is located at the
descending flank of the TPR peak and it is divided into two
parts. First, a strongly negative temperature gradient over a
short time period is followed by a longer period with almost
zero gradient. More detailed investigations have shown that
indeed two local optima exist for high orders of reaction:
one with a delay phase at the ascending flank and one with a
delay phase at the descending flank. For orders of reaction
with n > 1.7, the profile with the delay phase at the de-
scending flank is better, otherwise the delay phase at the
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ascending flank (as shown, for example, in Figure 3) leads
to a better objective function.

Systems with two reactions To illustrate optimal N-TPR
control profiles for systems with multiple reactions, we
focus on a system with two consecutive reactions, each
with power law kinetics. We assume that both reaction
peaks are only about 100°C apart: their reference tempera-
tures are 37 = 0.75 and 95T = 0.85. Such a system
describes any metal oxide that is reduced in two subse-
quent steps. It has a total of eight parameters that need to
be estimated: two Damkohler numbers, two Arrhenius num-
bers, two orders of reaction, and two oxygen capacities.
Usually, one would like to use the determinant of the full
sensitivity matrix as the objective function. To simplify the
formulation, solution and interpretation of the D-optimal
optimum, only the determinant of the sensitivities with
respect to both Damkohler numbers and both Arrhenius
numbers is considered here. Although this is not the com-
plete determinant, this objective function may still be rele-
vant, as it can be applied to improve the variances and
covariances of these four parameters.

T,
m(a)x det / Vp ~y;dr; p= (Dal,Daz,Arrl,Arrz)T (66)
ult

=0

A variety of such cases has been solved with varying
Arrhenius numbers and orders of reaction (Appendix Table
A2). In addition, the reference temperatures of the reactions
were changed in some cases.

As with the single reaction systems, the condition of com-
plete conversion was imposed, Eq. 26, and the end time was
set to twice the duration of the corresponding linear run with
maximum temperature gradient.

A typical solution of these problems is shown in Figure 5.
In this example, the control variable (bottom left diagram)
starts at its upper bound, so temperature is increasing (top
left diagram) and the first reaction takes place (top right dia-
gram). At about T = 1.7, when the first reaction’s peak is
over (see bottom right diagram) and the second reaction rate
begins to increase, the control variable is changed to its
lower bound for a short period of time, so temperature is
decreased. After this, at about T = 2, the gradient is changed
to almost zero for some time. Because the temperature has
been decreased previously, the first reaction continues to
proceed at low rate during this isothermal phase and reaches
almost complete conversion, while the second reaction
comes almost to a halt. Towards the end of the TPR run, at
about T = 3.9, the temperature gradient is set back to its
maximum value. As a consequence, the TPR peak occurs
for the second reaction. The objective function value
increases from Fj, = 597 x 107 for the linear TPR run
with maximum gradient to Foy = 7.15 X 1073 for the N-
TPR run.

Moreover, the effect of this two-staged delay phase
leads to a separation of the signal peaks for the two
reactions along the time coordinate. This is also reflected
by the elements of the integrated sensitivity product. In
the linear experiment with maximum gradient, the deter-
minant is 5.97 x 107> and the corresponding matrix is
given by:
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Figure 5. Optimal N-TPR experiment for a system with
two reactions (both power law kinetics) with
Da = [1.0, 1.0]; Arr = [10, 13]; n = [1.0, 1.0];
® = [0.75, 0.25]; 9" = [0.75, 0.85].
Dashed lines: profiles from the linear TPR run with maxi-
mum temperature gradient. Solid lines: Optimal N-TPR run.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

YDal YDal
/ W -y; dr — / Yoz f | b2 |
YArrl YArrl
=0 =0
YAm2 YAm2
0.027 -0.022 -0.012 -0.014
B —0.022 0.253 0.015 0.130 67)
—0.012 0.015 0.043 —0.018
—-0.014 0.130 —-0.018 0.329

For the optimal N-TPR run, the determinant is 7.15 x
107> and the corresponding matrix is given by:

. 0.024 —-0.007 -0.011 —0.008
A dr — —0.007 0.156  0.013  0.006
IR 0011 0013 0.043  —0.011
=0 —0.008 0.006 —0.011 0.520
(68)
While some of the main-diagonal elements have

decreased, instead of increasing, one can determine that the
improvements in the objective function are mainly obtained
due to the decreases in off-diagonal elements, including
Ypa2- a2 and combined elements of parameters from both
reactions, Ypai-ypazs and ypai-Yaro-

However, such a peak separation was not obtained in all
cases (see Appendix Table A2). For certain combinations of
n; and n,, a linear TPR run with maximum temperature gra-
dient is optimal, while a secondary delay phase can be
observed, for example, in the case shown in Figure 5. Here,
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the temperature gradient is decreased for a very short period
of time at the ascending flank of the first reaction’s peak.
That indicates that the delay phase, which was optimal in
the single reaction systems is still present here, but it is not
dominant.

Optimal N-TPR experiments for model discrimination

We now consider the optimization strategy in Section
“Optimal control problem for model discrimination” to
design N-TPR experiments to discriminate between rivaling
single reaction models with different kinetics. With three dif-
ferent reaction kinetics (power law, Avramy-Erofeev and dif-
fusion limitation from Section “The TPR model”), six (or-
dered) pairs of rival models are possible. The optimization
problems for these different model combinations are solved
for varying Arrhenius numbers and reaction orders of the
first model, M, (see Appendix Table A3). All other parame-
ters are set constant: Da'” = 1, ®P = 1, and 9~V = 0.75.

The optimization results show two different types of opti-
mal control profiles. In some cases, a short delay phase with
a strongly negative gradient followed by a longer phase with
constant gradient is observed. These control profiles are sim-
ilar in shape to the peak separating delay phase in Figure 5.
In many other cases, the optimal control profile simply has a
delay phase with almost zero temperature gradient. Figure 6
shows a typical example of this type of control profile.

The upper right diagram shows the simulated outputs of
both models from two linear TPR runs. The output signal of
the model M; at its maximum temperature gradient is a
clean sharp peak ending at about T = 2.2. Because the pa-
rameters of the model M, are fitted to this signal, the output
profiles of both models are practically identical and the dif-
ference between both curves, given by the objective (Eq.
28), is only Fiinin = 3.02 x 107°.

The best possible linear TPR run is obtained at u = 0.107,
where the difference between both output profiles increases
t0 Fiinopt = 0.165. The two output signals are also shown as
the two broader peaks in the upper right diagram. This is a
constrained optimum, with an active inequality constraint for
complete conversion (Eq. 39); further increasing the experi-
ment time would lead to lower temperature gradients and
additional improvement of the objective function value.
Although a lower temperature gradient increases the differ-
ence between the two profiles by several orders of magni-
tude, both output signals are still very similar in shape. Con-
ducting such a linear TPR run may produce a measured sig-
nal somewhere in between these calculated profiles. Such an
experimental result would not allow us to discriminate
between the two models.

The output signals of both models from the optimal
N-TPR run are shown in the bottom right diagram, with the
control profile represented by the solid line in the bottom
left. Note that the control profile is at maximum temperature
gradient, except during a long delay phase during the middle
of the experiment. This leads to an objective function value
of F* = 0.552. The N-TPR run not only increases the objec-
tive function value by an additional factor of about 3, but
also produces two profiles with qualitatively different shapes.
Conducting such an experiment should provide a measured
signal that allows us to discard one of the two models.
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Figure 6. Optimal N-TPR experiment for model dis-

crimination (power law vs. Avramy-Erofeev
kinetics).
Upper right corner: Model outputs from linear TPR runs
with maximum and optimal temperature gradient; Lower
right corner: Model outputs from optimal N-TPR run.
The optimal control profile is the blue solid line in the
lower left diagram. Da"? = [1.0, 1.12]; Arr‘!? = [10,
4.27]; i =110, 0.51; @ = [1, 1]; 92 = [0.75,
0.75].

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Reduced Problem Formulation

Because of the linear dependence of u(t) in Eqgs. 17 and
31, both optimization formulations are singular control prob-
lems. These ill-conditioned problems are characterized by
shallow response surfaces. If the optimal temperature gradi-
ent is not at its bounds, then u(t) consists of singular arcs.
Unique solutions of these profiles are difficult to determine
within numerical precision.

Consequently, solving the optimal control problem for an
N-TPR experiment is not an easy task, even with advanced
methods and an experienced user. The procedure that is nec-
essary to converge towards a useful solution is difficult and
not identical for all cases. Initially guessed profiles that work
well for some cases may fail for others.

With these characteristics this approach is difficult to
implement and automate in a laboratory environment. Never-
theless, from the nature of singular control problems and the
solutions in the previous section, we adopt two guidelines
for the development of reduced problem formulations.

® Singular control problems can be regularized through
the addition of quadratic penalty terms or coarse discretiza-
tions of the control profile. Either modification improves the
likelihood for better conditioned problems, unique solutions,
and faster convergence.

e The solution profiles u(t) in Section “Optimal N-TPR
Experiments” can be captured reasonably accurately by
piecewise constant elements. Choosing such a discretization
also leads to better conditioned problem formulations with
few degrees of freedom.
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These guidelines are applied for the following problem
cases.

Reduced problems for parameter estimation

Systems with one reaction The optimal control function
for systems with one single reaction typically applies a max-
imum temperature gradient except during a delay phase,
where the temperature gradient is virtually constant but not
at its upper bound (see Section “Systems with one reac-
tion—numerical solutions™). These profiles can be approxi-
mated by a piecewise constant function, as shown in Figure
7, with three variables: times at the beginning and at the end
of the delay phase, 7; and 1,, and the value of the control
variable during the delay phase, u;.

This reduced optimization problem has far fewer degrees
of freedom and may be solved with standard software such
as MATLAB. In this environment, the DAE constraints are
integrated numerically at each function evaluation. In our
implementation, we approximate the gradients by finite dif-
ferences and use the MATLAB function “fmincon,” which
uses an SQP algorithm with a BFGS update of the Hessian.
It allows implementing the upper and lower bounds of the
optimization variables as inequality constraints.

The integration of the ODE constraints is conducted using
odel5s, an implicit Runge-Kutta algorithm of variable order.
It uses an adapted step width in time, and the resulting dis-
cretization in time is a bit finer than in the solution of the
full problems. Due to these different discretization schemes,
the objective function values in the full and in the reduced
problem may differ, but optimal profiles can be compared
directly.

The reduced problems are typically solved within 30-50
optimization steps, which usually takes a few CPU minutes
(Intel Core2 Duo CPU E6850, 3.00 GHz). Convergence is
reliable in more than 90% of the cases; only the choice of
the initial point requires some input by the user.

The reduced problems have been solved for the same
combinations of the Arrhenius number and the order of reac-
tion as for the full problem. In most of the cases, the optimal
control profiles obtained from the reduced problem is very
similar to the results from the corresponding full problem,
and the nonlinear experiments show similar improvements
compared to their linear counterparts. In particular, the delay
phase is always located at the beginning of the ascending
flank of the TPR signal.

For illustration, we reconsider the case from Section *“Sys-
tems with one reaction—numerical solutions.” Here, the
solid lines in Figure 8 show a typical result for the reduced
problem formulation. For comparison, the solution from the
corresponding full problem is shown in dashed lines and the
two solutions have outputs and temperature profiles that are
almost identical. This observation applies to the majority of
the solved cases, so this problem reduction seems to be
appropriate. For this case the objective function for the full
problem increases by 27%, from Fj, = 9.05 x 1072 to F*
= 1.15 x 1072 For the reduced problem, it increases by
45%, from Fj;, = 1.39 x 1072 and F* = 2.02 x 1072,

Systems with two reactions The shape of the delay phase
that separates the two peaks is different from the typical
shape of the delay phase found with single reaction systems
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Figure 7. Schematic control profile for the reduced
problem for single reaction systems.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

(Section ““Systems with one reaction—numerical solutions”).
The profile in Figure 5 includes a strongly negative tempera-
ture gradient followed by a temperature gradient close to
zero. Therefore, the delay phase is split into two parts, intro-
ducing one new segment to the reduced problem. This pro-
file is depicted in Figure 9 with segments u; and u,, respec-
tively.

As shown in Appendix Table A2, many reduced problem
cases have been solved, using the same parameter combina-
tions that were applied in the solutions of the full problem.
A typical solution for a system with Arr = [10, 10], n =
[1.0, 1.0] is shown in Figure 10 (right). It has a delay phase
with a cooling period located between the two peaks. The
control profile and the output signal closely approximate the
typical peak separating solution of the corresponding full
problem, which is shown in dotted lines in the diagram.
Similar solutions are observed in many cases with different
parameters.

However, depending on the initially chosen control profile,
the optimization converges to a second local optimum (Fig-
ure 10, left). This optimal control profile has a delay phase

Output, y

Temp. grad., u

Time, T

Figure 8. Optimal N-TPR experiments for a single reac-
tion system (power law) with Da = 1.0; Arr =
10; n = 1.0; "' = 0.75 (c.f. Section “Systems
with one reaction—numerical solutions”).

Dashed lines: solution of the full problem; solid lines: Solu-
tion of the reduced problem. [Color figure can be viewed in
the online issue, which is available at wileyonlinelibrary.
com.]
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Figure 9. Schematic control profile for the reduced
problem for systems with two reactions.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

at the ascending flank of the first peak. No such delay phase
was observed in the solutions of the full problems, so this
second local optimum occurs due to the reduction of the
control profile. With regard to the objective function, the
control profile without peak separation (Figure 10 left) is
better than the solution with peak separation (right diagram).
This applies to many other cases in Appendix Table A2.

With two locally optimal solutions, the question arises,
which of both solutions should be applied in an N-TPR
experiment. At first glance, it seems to be reasonable to
apply the control profile which gives the better objective
function value. In the case in Figure 10 that would be the
solution shown in the left diagram. There is, however,
another practical aspect that needs to be considered: the sen-
sitivity or robustness of the solution. In practice, the system
parameters are not exactly known, and the control profile
cannot be realized precisely as described in the optimal solu-
tion, even if obtained from a reduced problem. If the objec-
tive function is very sensitive to changes in the control
profile, then it is very likely that small errors in the experi-
mental procedure will result in a very bad experiment. Thus,
it is advantageous if the applied solution has a low sensitiv-
ity with respect to the control profile. These sensitivities are
represented by the eigenvalues of the Hessian matrix of the
solution. They are listed in Table 1 for the two solutions
shown in Figure 10. Obviously, the solution with a delay
phase at the first peak is much more sensitive than the solu-
tion with peak separation. This argument advocates the
application of the peak separating solution in the right dia-
gram, because it is more robust, although it may not be
globally optimal in all cases. Because in such uncertain sys-
tems robustness may be an important issue, it should be con-
sidered in the optimization, for example, through a robust-
ness term in the objective function. This aspect needs further
detailed consideration and is left as a subject for future stud-
ies.

Another approach to solve the problem of multiple optima
is to apply more complex control profiles. In the case here, a
control profile with two distinct delay phases could be cho-
sen. The first delay phase is supposed to be located at the
ascending flank of the first peak, and the second delay phase,
which should have a cooling phase and an approximately
isothermal phase, should separate the two peaks. This control
profile combines the two optimal profiles in Figure 10 and
should lead to unique optima. Further investigation will be
considered in future studies.
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Figure 10. Example of two local optima of the reduced problem.

The dotted lines indicate the solution of the full problem and the solid lines are the solutions of the reduced problems. Da = [1.0, 1.0],
Arr = [10, 10], n = [1.0, 1.0], ® = [0.75, 0.25], gref = [0.75, 0.85]. [Color figure can be viewed in the online issue, which is available

at wileyonlinelibrary.com.]

Reduced problems for model discrimination

The solutions of the full problems for model discrimina-
tion in Section “Optimal N-TPR experiments for model dis-
crimination,” typically show a control profile with a single
delay phase where the temperature gradient is close to zero.
In some cases, an additional delay phase is also included
with a strongly negative temperature gradient. In the reduced
problem, we ignore the possible occurrence of this cooling
phase and instead favor a simple profile with only one delay
phase, as shown in Figure 7.

A typical solution of the reduced problem is shown in Fig-
ure 11 together with the solution of the corresponding full
problem. The objective function value is increased from
Fiinini = 3.03 x 10> for a linear TPR run with maximum
temperature gradient to F* = 0.543 at the solution of the
reduced problem. The function values are usually very simi-
lar to those obtained from the full problems. This is aided
by the absence of sensitivity terms in the objective function;
these may have very strong curvature and are therefore sen-
sitive to discretization errors.

The results for other combinations of models show similar
trends and are not shown here. Also in those cases, where
the full solution shows a double delay phase, the output sig-
nals and the objective function values of the full and the cor-
responding reduced problem are very similar. This means
that the proposed problem reduction is appropriate. Even in
some cases, where no solution could be found for the full
problem (see Appendix Table A3), the reduced problem was
solved successfully. However, as seen in Appendix Tables
Al1-A3 some cases remain where no nonlinear solution
could be found. This suggests that in these cases, no
improvement of the objective function value is possible and
a linear TPR experiment is optimal.

The initialization of the optimization problem is simple
and reliable in most cases. A good initial guess is any con-
trol profile with a delay phase where the temperature gradi-
ent is close to zero and which has a higher objective func-
tion value than the linear experiment with maximum gradi-
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ent. If such an initial solution can be found, the optimization
converges within 10-20 optimization steps. These problems
are usually solved within a few minutes of CPU time.

Conclusions

Optimal control problems for the design of nonlinear TPR
experiments have been set up and solved for a wide range of
parameters and for several different kinds of systems.
Selected examples of their solutions are presented in Section
“Optimal N-TPR Experiments.”” They show that N-TPR can
improve the quality of parameter estimates obtained from
TPR experiments. In some cases, the improvements are sig-
nificant, while in other, they are only small and a linear TPR
experiment is almost as good. For systems with more than
one reaction, optimal control profiles often yield so-called
peak separation, where the measurement signals of both
reactions are separated in time. This reduces the covariances
of the parameter estimates. The design of optimal N-TPR
experiments for model discrimination yields strong improve-
ments in model discrimination capabilities.

The full problem formulation is a singular control problem
that may be difficult to solve. Nevertheless, the optimal con-
trol profiles can often be approximated by piecewise constant
functions. In accordance with the analytical solution in Sec-
tion “Systems with one reaction—analytical solution,” the
control variable is usually at its upper bound, except during

Table 1. Eigenvalues of the Hessian Matrices of the
Solutions Shown in Figure 10

Position of Ascending flank Between
delay phase of first peak both peaks
Eigenvalues

of Hessian 5.2-10° 1.3-1073

matrix 3.7-10° 6.5-10'

A= 25-10° A= 15-10°

9.5-10° 9.0-10%

1.7-10% 1.7 10*
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Figure 11. Solution of the reduced problem for model
discrimination (power law vs. Avramy-Ero-
feev kinetics).

Dotted lines: Solution of the corresponding full problem
(see Figure 6); solid lines: Solution of the reduced optimi-
zation problem. Black lines: Output model M;; Red lines:
output model M»; Blue lines: control profiles. Da = [1.0,
1.12]; Arr = [10, 427]; n = [1.0, 0.5]; ® = [1, 1]; 9" =
[0.75, 0.75]. [Color figure can be viewed in the online
issue, which is available at wileyonlinelibrary.com.]

so-called delay phases, where it is close to zero or near its
lower bound. Consequently, the reduction of the optimal con-
trol problems to optimization problems of lower dimension is
possible and successful in most cases. The solutions of the
reduced problems usually approximate the solutions of the
corresponding full problems very well. In addition, for many
parameter combinations that could not be solved in the full
formulation, a good reduced solution could be obtained.

In one group of cases, the reduced problems had at least
two local optima. This was not observed with the solutions
of the corresponding full problems. This point may be
amended by applying different, more complex control profile
schemes with more than two delay phases.

Numerical convergence of the optimization algorithm for
the reduced problems is quite reliable. The only critical point
is the identification of a suitable initial guess for the profiles.
In some cases, this may be difficult and require some addi-
tional input by the user. Besides this, the procedure can be
made to work in a fully automated way.

The solutions of the reduced problem are control profiles
with piecewise constant temperature gradients. They resem-
ble a sequence of linear TPR experiments, which, in princi-
ple, can be applied in TPR devices. Nevertheless, depending
on the device, changes to the control software may be neces-
sary so that sequences of linear temperature profiles can be
applied. Moreover, to realize negative temperature gradients,
as needed for multireaction systems (see Figure 10 right), an
appropriate cooling device is required.

Finally, imperfections such as inhomogeneous spatial tem-
perature distribution or nonideal temperature control lead to
deviations from the desired, optimal temperature profile.
This affects both linear and nonlinear TPR experiments
alike, so the N-TPR experiments are still expected to be
superior. A deeper analysis of this issue, which concerns the
robustness of the optimal nonlinear control profiles, is left as
subject for further studies.
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Notation

The formulation of the optimization problems and the presentation of
their results have been done in terms of dimensionless parameters.
Arr; = Arrhenius number of reaction j
B = sensitivity matrix of measurements
Da; = Damkohler number of reaction j
E; = activation energy of reaction j, [J/mol]
f = right-hand side of state equation (Eq. 1)
¢ = right-hand side of output equation (Eq. 5)
J = Jacobian, parameter sensitivity of states
n; = order of reaction j
N = number of species
N, = number of model parameters
p = vector of model parameters to be estimated
R = universal gas constant, [J/mol/K]
R; = rate of reaction j
r; = concentration dependent term of R;
T = Arrhenius term
T° = reference temperature, [K]
t = decelerated time
u = control variable, temperature gradient
Vi = a priori covariance of parameter estimates
x; = fraction of solid species i
y = output variable, measurement signal
Y, = parameter sensitivity of output variable
©; = relative oxygen capacity of reaction j
9 = temperature
A = Eigenvalues of Hessian matrix
v;j = stoichiometric coefficient of species i in reaction j
IT = covariance matrix of measurements
7 = Time

Subscripts

solid species
ini = initial profile
j = reaction
lin = linear TPR experiment
min = lower bound
max = upper lound
p = derivative w.r.t. model parameters
X = state
0 = initial value at 1 = 0

Superscript

ref = reference
(1),(2) = model 1, 2

0 = standard

* = optimum
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